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We derive the universal high momentum factorization of the fermion self-energy in the BCS-BEC
crossover of ultracold atoms using nonperturbative quantum field theoretical methods. This property
is then employed to compute the Tan contact as a function of interaction strength, temperature, and
chemical potential or density. We clarify the mechanism of the factorization from an analysis of the
self-consistent Schwinger–Dyson equation for the fermion propagator, and compute the perturbative
contact on the BCS and BEC sides within this framework. A Functional Renormalization Group
approach is then put forward, which allows to determine the contact over the whole crossover and,
in particular, for the Unitary Fermi gas. We present numerical results from an implementation of
the Renormalization Group equations within a basic truncation scheme.
PACS numbers: 03.75.Ss, 05.10.Cc
I. INTRODUCTION
The physics of strongly correlated many-body systems
plays a key role for the understanding of nature in a wide
range of energy scales, occurring in situations such as
high temperature superconductors, heavy ion collisions,
or neutron stars. Therefore, it is desirable to identify
generic features which arise beyond a given system un-
der consideration, and shed light on the behavior of ap-
parently different physical settings. The recent experi-
mental progress in ultracold atoms research opens up the
possibility to study quantum many-body systems under
idealized conditions with full control over the system pa-
rameters.
A particularly promising observable in this context is
the equation of state, which encodes the thermodynamic
properties and the macroscopic phases of the many-
body system [1–3]. Thermodynamic functions can be ex-
pressed in terms of momentum space integrals involving
single particle distribution functions. Due to the phase
space factor V d3q/(2pi~)3 being proportional to q3, these
observables are also influenced by particles with high mo-
mentum. It is a relevant question to ask which quantita-
tive effect the large momentum tails of the distribution
functions may have on the equation of state.
The single particle momentum distribution n~q of a
noninteracting Fermi gas in equilibrium is described by
the Fermi–Dirac distribution, which decays exponentially
for momenta sufficiently larger than the chemical poten-
tial. In contrast, for ultracold fermions in the BCS-BEC
crossover one finds an algebraic decay [4–6] according to
nψ,~qσ =
C
q4
for large q. (1)
Here nψ,~qσ is the occupation number of fermions of
species σ and the precise meaning of “large q” will be
specified later. It was realized by Tan [7–9] that the fac-
tor of proportionality C, called contact, makes its appear-
ance in several exact relations describing the quantum
many-body system. For instance, it allows to compute
the change of the energy density of the system due to a
change of the scattering length according to the adiabatic
sweep theorem
1
V
dE
d(−1/a) =
C
4piM
. (2)
Moreover, the energy density of the homogeneous system
is given by
E
V
=
C
4piMa
+
∑
σ=1,2
∫
d3q
(2pi)3
q2
2M
(
nψ,~qσ − C
q4
)
. (3)
Interestingly, there also is a connection between the con-
tact and the shear viscosity of the system [10, 11]. The
Tan relations [12–18] have found verifications in experi-
ments on the BCS-BEC crossover of ultracold fermionic
atoms [19–24]. The measurement of the contact for a
homogeneous system has recently been obtained in [25].
The contact C is related in a universal manner to the
high momentum behavior of the fermion propagator. To
elucidate this connection we consider the euclidean prop-
agator of species σ = 1, 2 for two atomic hyperfine states,
Gψσ(Q) =
1
Pψ,cl(Q) + Σψ(Q)
=
1
iq0 + q2 − µ+ Σψ(Q) ,
(4)
where Q = (q0, ~q) denotes both euclidean frequency and
momentum. We set ~ = kB = 2M = 1 with fermion mass
M and denote q2 = |~q|2. After analytic continuation
iq0 → −ω, the zeros of Pψ,cl(ωq, q2) result in a classical
dispersion relation ωq = q
2 − µ. For this reason we call
Pψ,cl(Q) = iq0 + q
2 − µ the classical inverse propagator.
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2The full fermion propagator has a nontrivial momen-
tum dependence which goes beyond the quadratic behav-
ior of the classical one. This is encoded in the complex
valued self-energy Σψ(Q), which we define in Eq. (4),
and which is a function of frequency, momentum, and
system parameters like temperature, chemical potential
or scattering length. It is a challenging task of quantum
many-body physics to (approximately) compute the self-
energy for a given system under consideration. In par-
ticular, for strongly correlated systems like the Unitary
Fermi gas no obvious expansion scheme is at hand and
one has to rely on nonperturbative methods like Monte
Carlo simulations [26–29], self-consistent T-matrix ap-
proaches [4, 5, 30–33], 1/N -expansion [34], -expansion
[35], Schwinger–Dyson equations (SDE) [36, 37] or the
Functional Renormalization Group (FRG) [38–41].
Using SDE and the FRG we derive the universal fac-
torization property of the fermion self-energy
Σψ(Q) =
4C
Pψ,cl(−Q) − δµ for large q, (5)
where q has to be larger than any of the physical scales
kph set by inverse scattering length a
−1, chemical poten-
tial µ and temperature T . The first contribution in Eq.
(5), which we refer to as Tan term, results in the large
momentum decay of the momentum distribution accord-
ing to nψ,~qσ = C/q
4, see Eq. (26) below. The second
term constitutes a high momentum shift of the effective
fermion chemical potential (Hartree shift). Within SDE
it is not trivial to show that Σψ, C and δµ are ultraviolet
finite quantities that do not involve any counterterms.
This requires a suitable split of the relevant momentum
integrals, see Eq. (15) below.
The importance of the double fraction structure of the
fermion propagator in order to quantitatively describe
the BCS-BEC crossover has first been pointed out by
Haussmann in Refs. [4, 5]. Universal high momentum
factorization of dynamic quantities has also been ob-
served with the FRG in the context of finite temperature
Yang–Mills theory [42] and with the Similarity Renormal-
ization Group applied to N -body systems at zero tem-
perature, including deuteron, ultracold fermions and the
electron gas [43, 44]. The large momentum behavior of
the self-energy is related to properties of energetic atoms
propagating in a strongly interacting gas, see Ref. [45]
for a operator product expansion study.
Although the contact C appears in the high momen-
tum propagator of the theory, it is a many-body quantity
dominated by interaction and many-body scales. This
is also reflected in its close relation to thermodynamic
quantities. Thermodynamic considerations based on the
Tan relations restrict the most general form of the contact
as a function of temperature [33, 46]. In order to com-
pute the function C(µ, T, a) it is therefore mandatory to
work within a setting which can resolve the physics on all
scales of the theory. This is realized by an FRG frame-
work, where fluctuations on distinct scales are integrated
out successively, and which goes beyond the mean-field
approximation.
A main result of this work is the development of an
FRG scheme to compute the physics related to the con-
tact. In particular, we derive a flow equation for the flow-
ing contact Ck, which interpolates between Ck=Λ = 0 in
the ultraviolet and the physical contact Ck=0 = C in the
infrared. The method readily applies to nonzero values
of the crossover parameter (kFa)
−1 and any spatial di-
mension d. It allows for improving quantitative precision
by using more elaborate truncations. We come back to
this point in our discussion in Sec. VI. For the purpose of
the present work we restrict to d = 3. Moreover, we only
consider the spin-balanced case of an equal population of
fermions of species σ = 1, 2.
We normalize the momentum distribution such that
the integral n = 2
∫
~q
n~qσ yields the density of atoms n,
and thus the contact C is an intensive quantity. Defining
N = 2
∫
~q
n¯~qσ instead, with the particle number N , results
in an extensive contact C¯ = CV , where V is the volume
of the system. We have C¯/NkF = 3pi
2C/k4F.
An interesting question is related to the range of ap-
plicability of the asymptotic formula (5) for the fermion
propagator, i.e. the momentum scale qc such that the
universal scaling form is valid for q ≥ qc. This has direct
consequences for the density of the system. Indeed, as
was already noted in [8], the contribution from high en-
ergetic atoms to the total atom density for T = 0 can be
approximated by
δn(C) = 2
∫
q≥qc
d3q
(2pi)3
C
q4
=
C
pi2qc
. (6)
The apparent divergence of this expression for qc → 0 is
cured by a nonzero gap or temperature, such that δn(C)
remains finite. Thus, there is no a priori lower bound for
qc.
It can be understood easily that qc is smallest for the
Unitary Fermi gas. Indeed, the universal form of the
self-energy in Eq. (5) is valid for q being larger than
the physical scales kph. Typically, the inverse scattering
length a−1 is much larger than the momentum scales set
by chemical potential and temperature. In particular,
this is valid in the perturbative regimes on the BEC and
BCS sides, where |a| → 0. However, for the Unitary
Fermi gas we have a−1 = 0 and the first physical scale
is set by either µ1/2 or T 1/2. For this reason there is a
huge enhancement of the universal regime where Eq. (5)
is valid in the unitary limit. This is seen in Sec. IV.
From Eq. (6) we then conclude that the contribution of
high energetic particles on the thermodynamic functions
is large at resonance.
This paper is organized as follows. In Sec. II we intro-
duce the microscopic model which is employed through-
out the paper. The factorization property of the fermion
self-energy is deduced from the SDE for the fermion
propagator in Sec. III. We derive the expected results
CBEC = 4pin/a and CBCS = 4pi
2a2n2 for the contact
in the perturbative regimes, with the detailed calcula-
tion presented in App. A. In Sec. IV we formulate
3the FRG approach to the contact physics. After gen-
eral remarks on the FRG we derive the factorization of
the flow of the fermion self-energy at large external mo-
menta. The result is extended to the ordered regime with
a nonvanishing field expectation value and we extract a
flow equation for the flowing contact. We show that the
contact becomes sizeable at the many-body scales of the
system. In Sec. V we estimate the range of applicability
of the universal scaling behavior for the Unitary Fermi
gas, compare the zero temperature result to perturbation
theory and determine the temperature dependence of the
contact at resonance. We draw our conclusions and dis-
cuss the influence of the contact on the particle density
and the critical temperature Tc/TF in Sec. VI. In App.
B we relate our discussion of the two-channel model to
the contact in a purely fermionic language. In Apps. C
and D we present the basic truncation which is employed
here and derive the flow equation for the flowing contact.
We recapitulate the derivation of the contact on the BEC
and BCS sides from the perturbative equation of state at
zero temperature in App. E.
II. MICROSCOPIC MODEL
We consider a system of ultracold two-component
fermions described by the microscopic many-body Hamil-
tonian
Hˆ =
∫
d3x
( ∑
σ=1,2
ψˆ†σ(−∇2)ψˆσ + λψ,Λψˆ†1ψˆ†2ψˆ2ψˆ1
)
. (7)
Here ψˆ
(†)
σ (~x) is the annihilation (creation) operator of a
fermion atom in hyperfine state σ at position ~x. Scatter-
ing between atoms is modeled by a local contact interac-
tion with coupling constant λψ,Λ < 0, which eventually
translates into an s-wave scattering length a. This effec-
tive description provides a solid starting point to com-
pute observables for experiments with dilute ultracold
alkali atoms such as 6Li or 40K, since therein small dis-
tance details of the interatomic potential need not be
resolved. We make this explicit by defining the theory
with reference to a highest momentum scale Λ. Physics
on distances smaller than Λ−1 cannot be deduced within
the pointlike approximation and requires more informa-
tion on the atomic interactions, like the effective range
re or the van der Waals length `vdW. We choose Λ suffi-
ciently large but ensure Λ−1  re, `vdW. In the spirit of
this consideration we refine our definition of the contact
according to
C = lim
q→∞,
qΛ
q4n~qσ. (8)
Our analysis builds on a field theoretical formulation
using functional integral techniques. For this purpose we
define the microscopic model of Eq. (7) in terms of the
euclidean action
S =
∫
X
( ∑
σ=1,2
ψ∗σ(∂τ −∇2 − µ)ψσ + λψ,Λψ∗1ψ∗2ψ2ψ1
)
.
(9)
The Grassmann valued field ψσ(τ, ~x) depends on the eu-
clidean time variable τ , which is restricted to a torus of
circumference β = 1/T . Adjusting T and the chemical
potential µ allows for a description of the theory both at
zero and nonzero temperature and density in a unified
framework. We employ the abbreviation
∫
X
=
∫ β
0
dτ
∫
d3x. (10)
We work with a partially bosonized version of the ac-
tion (9), where the contact interaction of fermion atoms
is modeled by exchange of a bosonic di-atom state. The
bosonic field enters the microscopic action by virtue of a
Hubbard–Stratonovich transformation, which yields
SΛ[ϕ,ψ] =
∫
X
( ∑
σ=1,2
ψ∗σ(∂τ −∇2 − µ)ψσ
+ (ν + δνΛ)ϕ
∗ϕ− hϕ(ϕ∗ψ1ψ2 − ϕψ∗1ψ∗2)
)
(11)
with Feshbach coupling hϕ between fermions and bosons,
and detuning ν = 8pia. We introduce a counterterm δνΛ
for the constant part of the boson propagator. We ob-
serve that the four-fermion interaction has dropped out,
which requires λψ,Λ = −h2ϕ,Λ/νΛ with νΛ = ν + δνΛ. In-
deed, performing the Gaussian functional integral over
the bosons one recovers a fermionic functional integral
with action (9). Whereas the four-fermion coupling gets
strongly affected by fluctuations, eventually resulting in
a divergence at the critical temperature, the Feshbach
coupling can be approximated by its classical, momen-
tum independent value. The scale dependence of λψ re-
sides dominantly in the scale dependence of the term ν
quadratic in the bosons.
The boson field ϕ(τ, ~x) is not a dynamical degree of
freedom in this microscopic action which is thus equiv-
alent to Eq. (9). However, a dynamical part of the bo-
son propagator will be generated due to quantum and
thermal fluctuations. On the BCS side of the crossover
ϕ describes Cooper pairs of atoms, whereas it refers to
bosonic molecules on the BEC side. Bose condensation of
pairs, i.e. a nonvanishing expectation value of the fluctu-
ating field ϕ, leads to superfluidity of the system. We will
find below a connection between the contact C and the
number of atoms bound in (not necessarily condensed)
bosonic pairs, in line with Tan’s interpretation based on
the many-body Schroedinger equation [7–9].
4III. SCHWINGER–DYSON EQUATIONS
The physics of the contact is based on a separation of
scales. This scale dependence is most efficiently resolved
within a Renormalization Group analysis. Nevertheless
it is instructive to first consider a self-consistent gap
equation or Schwinger–Dyson equation for the fermion
propagator. From this exact equation, the factorization
property of the self-energy at large external momenta
is deduced easily. Moreover, we use this formalism to
show how the perturbative results CBEC = 4pin/a and
CBCS = 4pi
2a2n2 arise naturally on the BEC and BCS
sides of the crossover after a proper ultraviolet renormal-
ization scheme has been applied.
From Eq. (11) we infer the inverse classical fermion
and boson propagators, respectively, to be given by
Pψ,cl(q0, q
2) = iq0 + q
2 − µ,
Pϕ,cl(q0, q
2) = ν + iεq0. (12)
We introduce an infinitesimal contribution iεq0 with ε→
0+ in the inverse boson propagator to regularize momen-
tum integrals involving Pϕ. With this single modifica-
tion we will make manifest that only one single coupling,
the detuning ν, requires an ultraviolet renormalization
in the BCS-BEC crossover, see Eqs. (A2) and (A3). Al-
ternatively, one can add a counterterm ∝ fΛψ∗σψσ in the
fermionic part of the microscopic action and then adjust
fΛ appropriately. At nonzero temperature, the variable
q0 is discretized according to the Matsubara formalism
to q0 = 2pi(n+ 1/2)T (2pinT ) for fermions (bosons) with
n ∈ Z. We write ∫
Q
= T
∑
n
∫
d3q
(2pi)3
. (13)
For T = 0 the sum is replaced by the corresponding Rie-
mann integral.
Due to quantum and thermal fluctuations, the clas-
sical propagators Pψ,cl(Q) and Pϕ,cl(Q) get dressed to
yield the macroscopic propagators Pψ(Q) and Pϕ(Q).
This correction is encoded in the self-energies Σψ/ϕ(Q) =
Pψ/ϕ(Q) − Pψ/ϕ,cl(Q). The Schwinger–Dyson equation
for the full inverse fermion propagator reads
Pψ(Q) = Pψ,cl(Q) +
∫
P
h2ϕ
Pψ(P −Q)Pϕ(P ) (14)
according to the graph shown in Fig. 1. The corre-
sponding momentum integral involves the fully dressed
propagators. It is in this sense that the equation is
self-consistent and cannot be solved in a straightforward
manner. In Eq. (14) we approximate the full Feshbach
coupling by the microscopic one, which is momentum in-
dependent. This approximation is justified due to the
weak effect of fluctuations on the Feshbach coupling.
The BCS-BEC crossover across a broad Feshbach res-
onance can be parametrized by the physical scales tem-
perature, chemical potential and scattering length. We
−1 −1P
Q
P P
=
P
Q− P
+
FIG. 1: Schwinger–Dyson equation for the inverse fermion
propagator. A single line corresponds to a classical propa-
gator and a double line denotes a full propagator. Fermions
and bosons are represented by solid and dashed lines, respec-
tively. In the loop integral we have one fully dressed Feshbach
coupling and a microscopic one. The latter is momentum in-
dependent.
denote the highest physical momentum scale by kph. In
the perturbative regimes, this corresponds to the inverse
scattering length, whereas this is not valid close to res-
onance where a−1 = 0. Only momenta p2 < k2ph in the
loop-integral in Eq. (14) can resolve the details of the
choice of parameters. For this reason we split up the
integration according to
Σψ(Q) = h
2
ϕT
∑
n
∫
p2<k2tr
1
Pψ(P −Q)Pϕ(P )
+ h2ϕT
∑
n
∫
p2>k2tr
1
Pψ(P −Q)Pϕ(P ) , (15)
where the transition momentum ktr is sufficiently larger
than kph, such that for p
2 > k2tr the p
2-dependence of
Pϕ(P ) can be neglected. We can then replace
Pϕ(P )→ Pϕ(p0, p2 = k2tr) =: Pϕ,tr(p0) (16)
in the second integral. By adding and subtracting a con-
venient piece we can now write Σψ(Q) in terms of two
contributions, Σψ = Σ
(1)
ψ + Σ
(2)
ψ , with
Σ
(1)
ψ (Q)
= h2ϕT
∑
n
∫
p2<k2tr
1
Pψ(P −Q)
(
1
Pϕ(P )
− 1
Pϕ,tr(p0)
)
,
Σ
(2)
ψ (Q) = h
2
ϕ
∫
P
1
Pψ(P −Q)Pϕ,tr(p0) . (17)
Both pieces are manifestly ultraviolet finite and do not
depend on ktr for sufficiently large k
2
tr  k2ph.
We emphasize that the splitting of the self-energy in
Eq. (15) enables us to show that the superficially diver-
gent loop-integral in Eq. (14) is indeed finite for large q2.
This nontrivial statement results from a scale argument
only and thus does not imply any restrictions on coupling
strength, density, or temperature. Moreover, the partic-
ular choice of the artificially introduced momentum ktr
does not play a role for the final result.
We are interested in the behavior of Σψ(Q) for large
momenta q2  k2tr. The scale hierarchy in this case is
given by
k2ph  k2tr  q2  Λ2. (18)
5In Σ
(1)
ψ (Q) we can then replace Pψ(P −Q) by Pψ,cl(−Q),
because the integral is restricted to momenta which are
small in comparison to Q and we can neglected self-
energy corrections to leading order at high momenta.
This results in the factorization
Σ
(1)
ψ (Q) =
4C
Pψ,cl(−Q) for large q
2. (19)
We define the contact according to
C =
h2ϕ
4
T
∑
n
∫
p2<k2tr
(
1
Pϕ(P )
− 1
Pϕ,tr(p0)
)
, (20)
since the numerator in Eq. (19) is seen below to result
in the prefactor C of the 1/q4-tail of the momentum dis-
tribution. Again, formulas (19) and (20) only rely on
the splitting of the loop-integral at ktr, which gives us a
precise notion of “large q2”, namely q2  k2tr. The fac-
torization is thus a generic feature of theories which can
be described by similar Feshbach- or Yukawa-type gap
equations.
We can define an effective boson occupation number
as
nϕ,~p = T
∑
n
(
1
Pϕ(P )
− 1
Pϕ,tr(p0)
)
(21)
with total boson number density nϕ =
∫
~p
nϕ,~p. This
yields
C =
h2ϕ
4
nϕ (22)
and hence shows the close relation between the contact
and the number of atoms bound in bosonic pairs. Note
that the definition of nϕ has to be renormalization group
invariant and thus involves a wave function renormaliza-
tion constant, which we set to unity here for simplicity.
The second term in Σψ(Q) results in a shift of the effec-
tive chemical potential
Σ
(2)
ψ (Q) = −δµ for large q2. (23)
The correction to the momentum distribution of parti-
cles at high momenta which results from the self-energy
in Eqs. (19) and (23) is found from the generally valid
formula
nψ,~qσ = −
(
T
∑
n
1
Pψ(Q)
− 1
2
)
. (24)
Treating the self-energy perturbatively for large external
momentum q2, we find
nψ,~qσ =−
(
T
∑
n
1
Pψ,cl(Q)− δµ −
1
2
)
+ T
∑
n
4C
P 2ψ,cl(Q)Pψ,cl(−Q)
. (25)
The first two terms yield NF (q
2 − µ − δµ) with Fermi
function NF (z) = (e
z/T + 1)−1. This contribution van-
ishes for large q2. Evaluating the Matsubara summation
we find for the second contribution
nψ,~qσ = T
∑
n
4C
P 2ψ,cl(Q)Pψ,cl(−Q)
= 4C
(1−NF (q2 − µ)
4(q2 − µ)2 +
N ′F (q
2 − µ)
2(q2 − µ)
)
q2µ,T−→ C
q4
for large q2. (26)
This justifies the identification of C in the numerator
of the asymptotic self-energy (19) with the contact as
defined by Eq. (8). Higher order contributions to the
fermion self-energy do not enter the 1/q4-tail of the mo-
mentum distribution.
The formulas derived in this section become particu-
larly simple in the perturbative BEC and BCS regimes,
because the integrals in Eq. (17) can be performed ana-
lytically. We present the calculation in App. A and give
here only the results. The shift δµ of the effective chem-
ical potential vanishes on the BEC side of the crossover.
On the BCS side, it is given by
δµ = −λψnψ,σ, (27)
with four-fermion coupling λψ = 8pia. Since all atoms
are bound to dimers in the BEC limit, the boson density
in Eq. (22) equals half the particle density and we arrive
at
CBEC =
4pin
a
. (28)
The relation h2ϕ = 32pi/a results from the wave function
renormalization of the boson propagator, see Eq. (A4).
In the BCS limit, the first nonvanishing contribution to
the contact arises at second order in perturbation theory
in the coupling a. Inserting the Schwinger–Dyson equa-
tion for the boson propagator (A2) into Eq. (22), we
obtain a double integral over two fermion propagators,
each resulting in a fermion density nψ,σ. We find
CBCS = 4pi
2a2n2. (29)
These perturbative results derived from Schwinger–
Dyson equations agree with the expressions found from
the zero temperature equation of state. The correspond-
ing calculation is recapitulated in App. E.
IV. FUNCTIONAL RENORMALIZATION
GROUP
The factorization (19) relies on the scale hierarchy (18).
The latter is also at the root of the derivation of the
contact C in Eq. (20) by means of the splitting of the
integration defined in Eq. (15). A method of choice
6which naturally incorporates such a momentum splitting
and the factorization in the fermionic self-energy is the
Functional Renormalization Group (FRG) approach to
the BCS-BEC crossover. This has been already shown in
the FRG approach to thermal propagators in Yang–Mills
theory [42].
We will use the flow equation for the effective average
action [47]. It has a one-loop form for which momentum
integrals are both ultraviolet and infrared finite, domi-
nated by a small momentum range in the vicinity of the
infrared cutoff, q2 ≈ k2. As a direct consequence, the
splitting into different momentum ranges as in Eq. (15)
can be avoided, and no particular care has to be taken
for the construction of finite quantities. This constitutes
an important advantage as compared to the Schwinger–
Dyson equations, especially in the region of unitarity,
where the validity of Eq. (5) extends to rather small
momenta.
Thus use of FRG allows us to extract the many-body
quantity C(a, µ, T ) in the whole crossover with ktr. It
also goes beyond the universal scaling behavior proposed
in Eq. (5). In fact, the only assumption underlying
the following analysis is the perturbative treatment of
the fermion propagator at high momenta, whereas the
bosonic degrees of freedom are treated in a nonpertur-
bative fashion. The latter is in particular mandatory to
resolve the second order nature of the superfluid phase
transition.
A. Flow equation
We start from the microscopic action of the two-
channel model given in Eq. (11) at a high momentum
scale Λ and successively include quantum and thermal
fluctuations on momentum scales larger than an infrared
cutoff k. By lowering k we resolve the macroscopic prop-
erties of the system in a coarse graining procedure and,
eventually, arrive at the full effective action Γ of the the-
ory for k = 0. The effective action generates all cor-
relation functions of the system. (More precisely, it is
the generating functional of the one-particle irreducible
Green functions, which are obtained by simple functional
differentiation.) In between, the effective average action
Γk can be interpreted as the effective action for a probe
with size k−1. Although Γk for k > 0 is not a physi-
cal observable, as it depends on the scheme in which we
lower k, this rough picture provides an intuitive and of-
ten surprisingly accurate guiding principle. In summary,
the effective average action satisfies
Γk=Λ = S, Γk=0 = Γ. (30)
The evolution of Γk as k is lowered is governed by the
exact flow equation [47]
∂kΓk[φ, ψ] =
1
2
STr
(
1
Γ
(2)
k [φ, ψ] +Rk
∂kRk
)
, (31)
where STr is the “supertrace”, which takes into account
the mixed bosonic and fermionic structure of the theory,
and Rk is the regulator related to the mentioned way how
k is lowered. In a momentum representation, the kernel
Rk(Q)δ(Q+Q
′) of the operator Rk needs to satisfy
lim
q2/k2→0
Rk(Q) ∼ k2, lim
q2/k2→∞
Rk(Q) = 0. (32)
If we were able to solve the functional differential equa-
tion (31), which is equivalent to diagonalizing the full
many-body Hamiltonian or computing the complete path
integral, we would have solved the theory. In most prac-
tical cases, however, approximative solutions are needed.
The actual strength of the FRG is that it can deal with
complex systems, both perturbatively and nonperturba-
tively, since the effective average action Γk provides an
intuitive way of organizing the inclusion of all fluctua-
tions in the path integral and is thus particularly well
suited for physically motivated approximations: We re-
strict the space of possible functionals Γk to a limited set
of correlation functions, project the flow equation (31)
onto this parameter set, and solve the remaining set of
equations numerically. Due to such a truncation we prac-
tically never arrive at the full effective action Γ which
generates all correlation functions, but obtain a quan-
tity which is usually predictive enough to describe, for
instance, the low-energy physics and thermodynamics of
the system. The truncations employed in this paper are
described in Apps. C and D.
The application of the FRG to a broad variety of top-
ics, ranging from high energy physics to condensed mat-
ter, are reviewed e.g. in [48–55]. The FRG approach to
many-body physics with ultracold atoms is reviewed in
[56] and the lecture notes [57].
B. Fermion self-energy and contact term in the
symmetric regime
For conceptual clarity we first isolate the contact term
and the shift of the chemical potential from the flow equa-
tion of the self-energy Σψ(Q) = Pψ(Q)− Pψ,Λ(Q) in the
symmetric or disordered regime, where the field expec-
tation value of the boson field is zero. The procedure
will be extended below to the ordered regime of the flow
with a nonvanishing expectation value φ0. In general the
self-energy is a 4 × 4–matrix. For equal population of
the two hyperfine states σ = 1, 2, the most general form
of the self-energy can be parametrized by two complex
functions Σψ(P ) and Σψ,an(P ), where the second one is
called the anomalous contribution. For simplicity we ne-
glect the anomalous self-energy in the following. We show
in App. C that it does not contribute to the contact.
The flow of the inverse fermion propagator, which is
identical to the flow of the self-energy, is given in the
7symmetric regime by
∂kΣψ,k(P ) = −h¯2φ
∫
Q{
∂kRφ,k(Q)
(P¯φ,k(Q) +Rφ,k(Q))2
1
Pψ,k(Q− P ) +Rψ,k(Q− P )
+
∂kRψ,k(Q)
(Pψ,k(Q) +Rψ,k(Q))2
1
P¯φ,k(Q+ P ) +Rφ,k(Q+ P )
}
.
(33)
We emphasize that the external momentum P is a free
parameter and for each P we have an individual flow
equation. The Feshbach or Yukawa coupling h¯φ does not
depend on momentum in our truncation. We also ne-
glect a possible scale dependence of h¯φ. The expressions
Pψ,k(Q) = Pψ,Λ(Q) + Σψ,k(Q) and P¯φ,k(Q) are the full
inverse propagators at scale k. We have
Pψ,Λ(Q) = iq0 + q
2 − µ. (34)
Since the boson propagator is gapped for k  kph,
where kph is a physical scale given by either the inverse
scattering length, temperature or chemical potential, we
effectively only have a nonvanishing contribution to Eq.
(33) for k . kph. Choosing a large external momentum
p2  k2ph ≥ k2, we can use the property (32) of the
regulator functions Rk(Q) to approximate
Pk(Q± P ) +Rk(Q± P ) ' Pk(±P ). (35)
Thus, for large external momentum p2 the flow of the
self-energy simplifies according to
∂kΣψ,k(P ) '−
h¯2φ
Pψ,k(−P )
∫
Q
∂kRφ,k(Q)
(P¯φ,k(Q) +Rφ,k(Q))2
− h¯
2
φ
P¯φ,k(P )
∫
Q
∂kRψ,k(Q)
(Pψ,k(Q) +Rψ,k(Q))2
.
(36)
We now show that this results in an asymptotic self-
energy Σψ = Σψ,k=0 of the form
Σψ(P ) ' 4C
Pψ,Λ(−P ) − δµ. (37)
The first term in Eq. (36) yields the contact term. In-
deed, for large external momenta P , renormalization ef-
fects on the fermion propagator are small and we can
approximate Pψ,k(−P ) ' Pψ,Λ(−P ). We then find the
P -dependent term being multiplied by an integral which
receives contributions from the physical scales kph. Since
Pψ,Λ(−P ) is k-independent, we can integrate the first
term in Eq. (36) and identify the contact as being given
by
4C = −
∫ 0
Λ
dkh¯2φ
∫
Q
∂kRφ,k(Q)
(P¯φ,k(Q) +Rφ,k(Q))2
=
∫ 0
Λ
dk∂˜k
∫
Q
h¯2φ
P¯φ,k(Q) +Rφ,k(Q)
. (38)
In the second line, we introduced the formal derivative
∂˜k, which only acts on the k-dependence of the regula-
tor Rk. The advantage of this rewriting is to make the
simple one-loop structure of the equations manifest. Eq.
(38) allows us to define a scale dependent contact Ck
according to the flow equation
∂kCk =
h¯2φ
4
∂˜k
∫
Q
1
P¯φ,k(Q) +Rφ,k(Q)
(39)
with CΛ = 0 and Ck=0 = C. This flow equation and its
generalization to the ordered regime are the basis for our
numerical evaluation of C in Sec. V.
The second term in Eq. (36) contains the boson prop-
agator evaluated for large momentum. Since the micro-
scopic boson propagator is constant and the momentum
dependence only builds up due to the renormalization
group flow, this contribution to the fermion self-energy
is independent of P and constitutes a shift of the effective
chemical potential. The asymptotic value is then equal
to the one evaluated for a large momentum ktr. We con-
clude
δµ = −
∫ 0
Λ
dk
h¯2φ
m¯2φ
∂˜k
∫
Q
1
Pψ,k(Q) +Rψ,k(Q)
. (40)
With the effective four-fermion vertex −h¯2φ/m¯2φ = λψ we
find δµ = −λψnψσ.
C. Contact term in the ordered regime
For low enough temperatures, a nonvanishing expecta-
tion value ρ0,k of the boson field ρ = φ
∗φ appears during
the renormalization group flow. If ρ0,k=0 = ρ0 > 0, we
say that the system is in its superfluid phase and some
of the bosons have condensed. Note that, due to inter-
actions, the condensate fraction does not coincide with
the superfluid fraction. Above the critical temperature
there is a region where a nonvanishing value of ρ0,k ap-
pears for k > 0 during the flow, but does not persist for
k → 0. We then arrive in the symmetric (normal) phase
of the system. We may call this intermediate region the
precondensation regime. It is characterized by local but
not global superfluid order.
Conceptually the above derivation of the flow of the
self-energy and the asymptotic scaling with contact term
∼ 4C/Pψ,Λ(−P ) remains valid also in the presence of
a possibly nonvanishing boson field expectation value.
The corresponding calculation is presented in App. D.
We find from Eq. (D14) that the flow equation for the
contact is given by
∂tCk =
h2φ
4
(ηAρ0,k + ∂tρ0,k) (41)
+
2d/2+1vd
d
h2φ
S2
kd+2
(
1− η
d+ 2
)[
N ′B(ωφ,k)
− λ
2ρ20
S2ω3φ,k
(1
2
+NB(ωφ,k)− ωφ,kN ′B(ωφ,k)
)]
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FIG. 2: (Color online) RG-scale dependence of the flowing
contact Ck at unitarity a
−1 = 0. We have k = Λet such
that t = 0 corresponds to the ultraviolet and t → −∞ to
the infrared. We observe that the contact is unaffected by
fluctuations of ultraviolet modes and it starts to build up
on the many-body scales of the system, which are set here
by the chemical potential and temperature corresponding to
tµ = ln(µ
1/2/Λ) = −6.9 and tT ' tµ. Obviously, all curves
saturate at a certain value of t and we can read off the physical
value at k = 0.
with
ωφ,k =
√
(k2 +m2φ,k)(k
2 +m2φ,k + 2λkρ0,k)
Sk
, (42)
t = ln(k/Λ), vd = (2
d+1pid/2Γ(d/2))−1 and d = 3. The
Bose function is defined as NB(z) = (e
z/T − 1)−1 and
N ′B = dNB/dz. For a definition of the corresponding
running couplings we refer to App. C. Typical renormal-
ization group flows of Ck for the unitary Fermi gas are
shown in Fig. 2.
At zero temperature we obtain a nonvanishing value
for the contact C. The corresponding value is found from
Eq. (41) by setting the Bose functions to zero. We have
∂tCk|T=0 =
h2φ
4
(ηAρ0,k + ∂tρ0,k)
− 2
d/2vd
d
h2φλ
2ρ20
S4ω3φ,k
kd+2
(
1− η
d+ 2
)
. (43)
In the limit where the density is dominated by the
superfluid density of condensed bosons, the first term in
Eq. (41) dominates. For small anomalous dimension ηA
and neglecting the running of h2φ this yields the simple
relation
C ≈ h
2
φ
4
ρ0, (44)
which coincides with Eq. (22) for nϕ ≈ ρ0.
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FIG. 3: (Color online) Zero temperature contact on the BEC
side of the crossover. The many-body chemical potential is
defined as µmb = µ− εB/2 and thus a positive quantity. (See
for instance Eq. (E5) in the context of a weakly interacting
Bose gas.) The FRG treatment captures the Lee–Huang–
Yang (LHY) correction, see. Eq. (E9). Mean field theory
(MF) is shown by the dashed curve.
V. RESULTS
Within the truncation scheme put forward in App. C
we can compute the contact as a function of the crossover
parameters µ, T , and a. Moreover, the high momentum
factorization of the self-energy can be shown explicitly by
solving the flow equation for Σψ(P ) for different values
of P . In order to translate the results expressed in terms
of the chemical potential for the density, the equation
of state P (µ, T ) has to be applied. Since the density
(and, iteratively, the contact itself) receives substantial
contributions from the contact term in the fermion self-
energy, fully self-consistent results can only be obtained
from a self-consistent treatment of the Tan term in the
flow equations. Here we restrict to an analysis of the
qualitative behavior of the contact and do not aim at
quantitative precision.
At zero temperature, the expression for the contact on
the BEC side can be derived from the Lee–Huang–Yang
(LHY) equation of state (E2) and the adiabatic sweep
theorem (2). We recapitulate this derivation in App. E,
where we also give the corresponding expression in terms
of µmb = µ− εB/2, with (negative) binding energy εB of
the molecules.
The result of the integration of the renormalization
group equations at zero temperature on the BEC side
is given in Fig. 3. We find excellent agreement with
the prediction from LHY theory, whereas the mean field
curve deviates substantially. From Eq. (D32) it is appar-
ent that the LHY correction, which is reproduced in the
equation of state on the BEC side as well, is also visible
in the contact, because both share a common flow equa-
tion. The nontrivial renormalization of the prefactor in
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FIG. 4: (Color online) The contact close to resonance as a
function of the scattering length for both T = 0 and T =
Tc(a, µ). The labels of the axes are analogous to Fig. 3. At
unitarity we obtain C(T = 0)/µ2 = 0.34 and C(T = Tc)/µ
2 =
0.24. Far on the BCS side our present truncation becomes
inappropriate as is discussed in App. B. For better visibility
we show the asymptotic BCS value up to (
√
µa)−1 = −0.5,
which is already beyond the applicability of BCS theory.
Eq. (D32) ensures the result to be beyond mean field.
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FIG. 5: (Color online) The contact of the Unitary Fermi gas
normalized by k4F with Fermi momentum kF = (3pi
2n)1/3. We
compare predictions from Functional Renormalization Group
(FRG, this work, Tc/TF = 0.276), non-self-consistent t-matrix
theory (G0G0, [31], Tc/TF = 0.242), Gaussian pair fluctu-
ations and Nozie`res–Schmitt-Rink theory (GPF/NSR, [33],
Tc/TF = 0.235), self-consistent t-matrix theory (GG, [32],
Tc/TF = 0.15) and Quantum Monte Carlo calculations (QMC,
[29], Tc/TF = 0.15) for lattice sizes Nx = 12, 14. In this list,
the brackets indicate the label in the plot, the correspond-
ing reference and the chosen value for the critical temper-
ature. For the experimental data of Ref. [25] we employed
Tc/TF = 0.16, which suffices here to obtain a qualitative com-
parison of the data.
As we approach unitarity from the BEC side, we leave
the perturbative regime and the contact is no longer de-
scribed by the LHY expression. The FRG result within
the truncation of this work is shown in Fig. 4. For
a−1 = 0 we find C/µ2 = 0.34 and C/k4F = 0.11 at
zero temperature. The Bertsch parameter within this
approximation is ξ = 0.55. We observe the contact to
be a monotonous function of the crossover parameter
(
√
µmba)
−1, or, equivalently, (kFa)−1.
For negative scattering lengths we find our zero tem-
perature results to be far below the BCS prediction. The
reason for the failure of the present truncation is that
the momentum dependence of the boson propagator is
not well-approximated by a derivative expansion on the
BCS side, although momentum independent observables
like the equation of state are described correctly. This
becomes transparent in the derivation of the relation
CBCS = 4pi
2n2a2 from the Schwinger–Dyson equation in
Eq. (A8), where we explicitly use the momentum depen-
dence of the bosonic self-energy Σϕ(Q). In App. B we
discuss how the contact on the BCS side is more easily
derived in a purely fermionic language.
In Fig. 4 we also show the value of the critical con-
tact C(Tc, a) in the crossover. We find the corresponding
value always to be below the zero temperature value. The
full temperature dependence of the contact of the unitary
Fermi gas is shown in Figs. 5 and 6. We observe a sharp
dip at the critical temperature, hence C(0) > C(Tc) in
Fig. 4. Since the contact is related to a first derivative
of the energy (or pressure) according to the adiabatic
sweep theorem (2), it has to be continuous at Tc as a
result of the second order nature of the phase transition.
We confirm this behavior in our results with a critical
contact parameter C(T = Tc)/k
4
F = 0.11. The contact
C/k4F shows a maximum above Tc.
Fig. 5 also compares our result for C/k4F to other the-
oretical approaches and to a recent experimental mea-
surement of the homogeneous contact. Due to the dis-
agreement of predictions for Tc/TF from different theoret-
ical methods, we have rescaled the abscissa by the corre-
sponding critical temperatures. This allows to compare
the qualitative features of the temperature dependence
like monotony or location of peaks and minima. In order
to relate the contact C in Fig. 5 to an extensive contact
C¯ = CV with volume V we use C¯/NkF = 3pi
2C/k4F, see
our discussion of the normalization in the introduction.
The Fermi momentum of the FRG data in Fig. 5 is not
corrected due to the high momentum contribution to the
particle number density. Hence, kF will in general be
larger than plotted here.
We find largely different predictions for the tempera-
ture dependence of the contact in the critical region. This
indicates a sensitivity of this observable with respect to
approximations in theoretical calculations, which makes
further investigation even more interesting. Note that for
higher temperatures, the second and third order virial ex-
pansions of Ref. [33] allow for a solid comparison of the
temperature dependence of the contact. However, we fo-
cus here on the region around Tc, which is well-captured
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FIG. 6: (Color online) The blue solid line shows the temper-
ature dependence of the contact normalized by the chemical
potential for the Unitary Fermi gas. We observe a decrease
of C/µ2 as we approach the critical temperature from below,
resulting in a sharp dip at Tc. The function is monotonic for
T/Tc & 1.75. The green, red, and orange curves correspond
to different contributions to the contact and are explained in
Eqs. (45)–(47).
by our truncation of the effective action.
From Eq. (41) we observe that the contact receives
contributions from different terms in the flow equation.
These are important in distinct regimes of the system.
To visualize this, we split up the flow of Ck into three
parts according to ∂tCk = ∂tC
(1)
k + ∂tC
(2)
k + ∂tC
(3)
k with
∂tC
(1)
k =
h2φ
4
(ηAρ0,k + ∂tρ0,k), (45)
∂tC
(2)
k =
2d/2+1vd
d
h2φ
S2
kd+2
(
1− η
d+ 2
)
N ′B(ωφ,k), (46)
∂tC
(3)
k =
2d/2+1vd
d
h2φ
S2
kd+2
(
1− η
d+ 2
)
(
− λ
2ρ20
S2ω3φ,k
)(1
2
+NB(ωφ,k)− ωφ,kN ′B(ωφ,k)
)
.
(47)
The only term which persists in the stages of the flow
where ρ0,k = 0, is C
(2)
k . Therefore, it is the leading con-
tribution above Tc (red dashed line in Fig. 6). Both C
(1)
k
and C
(3)
k start to build up in the precondensation phase.
However, C
(3)
k is never really large (orange dashed-dotted
line in Fig. 6). For small T , the contribution from C
(1)
k
dominates (green dashed-dotted line in Fig. 6). Above
Tc this contribution is negligible. In the zero temperature
limit, the term C
(1)
k becomes most important. This can
be understood easily from Eq. (D26), where we identify
this term as the contribution from condensed bosons to
the density.
We already addressed the question whether the scal-
ing formula (5) can be applied for a large part of the
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FIG. 7: (Color online) The asymptotic approach of the con-
tact for the unitary Fermi gas at the critical temperature.
We plot the real part of Pψ,cl(−P )Σψ(P ) with Pψ,cl(−P ) =
−ip0 + ~p2 − µ and p0 = piT (red dots). In accordance with
formula (5), the factorization at large momenta leads to the
approach of the constant value 4C (blue dashed line). For
very low momenta our perturbative treatment of the fermion
propagator becomes quantitatively less accurate, but still the
deviations do not exceed 20% even for p → 0. We restrict
the self-energy here to the diagram in Fig. 11 where the ex-
ternal momentum P appears in the fermion line and which
is responsible for the contact term. This effectively adds the
constant δµ to Σψ for large momenta.
momenta or only yields an asymptotic, but practically
irrelevant contribution. For this purpose we solve the
flow equation for the self-energy Σψ,k(P ) on a grid of P -
values according to Eq. (D9). Therein we restrict to the
first integral, which corresponds to the diagram in Fig.
11 where the external momentum appears in the fermion
line. Only this diagram contributes to the contact. The
universal regime of validity is expected to be large for the
Unitary Fermi gas. In Figs. 7 and 8 we underline this
statement at T = Tc and a
−1 = 0.
Since the self-energy Σψ(P ) is a complex valued func-
tion of P = (p0, ~p), we gain information about the high
momentum behavior from plotting both the real and
imaginary part at the lowest possible fermionic Matsub-
ara frequency p0 = piT as a function of |~p|. To see the
asymptotic approach of the form Pψ,cl(−P )Σψ ' 4C we
plot the real part of this particular combination in Fig. 7.
The imaginary part of this product vanishes for p→∞,
showing that the contact indeed is real-valued.
We plot ReΣψ(P ) and ImΣψ(P ) in Fig. 8 for the same
set of parameters as before. We find that the scaling form
is a good description for all momenta at the critical tem-
perature. Although this does not come unexpected for
a scale invariant, critical system, this behavior could be
a relict of our perturbative treatment of the propagator
for small momenta, where this is not necessarily a valid
assumption. Further improvement of the truncation and
iterative solution of the flow equation will shed light on
the reliability of this finding, but is beyond the scope of
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FIG. 8: (Color online) The fermion self-energy Σψ,k=0(P ) at
a−1 = 0 and T = Tc computed from the first diagram in
Fig. 11. We evaluate the function for p0 = piT and find the
large momentum behavior to be a reasonable approximation
for both the real and imaginary parts even at low momenta.
The asymptotic form (5) is shown by a dashed line. The self-
energy vanishes for large momenta since we effectively added
the constant δµ for p→∞ by neglecting the second diagram
in Fig. 11.
the present work.
VI. DISCUSSION & OUTLOOK
In this work we derive the contact in the BCS-BEC
crossover from a universal factorization of the large mo-
mentum part of the fermion self-energy. The analysis is
built on exact Schwinger–Dyson equations and an exact
Functional Renormalization Group equation. Approxi-
mative solutions for both methods allow for a computa-
tion of the contact C(µ, T, a) for arbitrary values of the
parameters. In the limiting perturbative cases the ex-
pected relations CBEC = 4pin/a and CBCS = 4pi
2n2a2
can be obtained analytically.
The factorization (5) of the self-energy into a universal
part and the momentum independent many-body contact
can be shown explicitly by solving the renormalization
group flow equation for Σψ,k(P ) for particular values of
P . The regime of universal scaling turns out to be large
for the Unitary Fermi gas. This has profound conse-
quences for the density. Indeed, if we assume the scaling
behavior of the self-energy to be valid for all momenta,
we can estimate the contribution of high momentum par-
ticles to the total density in the symmetric phase by
δn(C,est) = 8C
∫
d3p
(2pi)3
(1− 2NF (p2 − µ)
4(p2 − µ)2
+
N ′F (p
2 − µ)
2(p2 − µ)
)
(48)
see Eq. (26) above.
This density correction from high momentum particles
has a direct impact on the value of the critical tempera-
ture For the truncation employed in this paper and ne-
glecting the Tan correction one finds for the critical tem-
perature at unitarity Tc/TF = 0.276 and Tc/µ = 0.44.
The discrepancy to other methods is larger in a normal-
ization involving the density, i.e. Tc/TF. Part of the mis-
match is likely to be found in the normalization with an
incomplete density where substantial contributions are
not included. Assuming formula (48) to be valid, we find
a correction of the density δn(C,est)/(n(0) + δn(C,est)) =
0.29, resulting in a corrected value Tc/TF = 0.22. Here
n(0) is the density which is obtained from the standard
truncation without contact as it is described in App. C.
The suppression of the ratio Tc/TF due to the high
momentum tail of the particle density distribution also
sheds light on the success in computing the critical tem-
perature with methods which take into account the full
momentum dependence of the propagators, e.g. Monte
Carlo simulations or self-consistent gap equations. How-
ever, having singled out this important contribution to
the fermion propagator, an effective model which takes
into account the Tan term might give reasonable results
with less numerical effort and, furthermore, help improv-
ing our understanding of the physics of the BCS-BEC
crossover.
To further improve our truncation we can feed back the
effect of the contact on the remaining running couplings.
Indeed, so far we only have evaluated ∂tCk on the solu-
tion of the truncation with classical fermion propagator.
However, as a correction to the fermion propagator, the
self-energy results in a modified flow of, e.g., the effective
potential. A different running of the boson mass term
m2φ,k results in a different phase diagram and hence a
corrected value for Tc/µ.
To close the present truncation of the FRG equations
up to order P−1cl (Q)-effects in the self-energies, we have
to include also the bosonic contact, which arises in the
high momentum limit of the bosonic self-energy. The
relevance of the contact corrections is most pronounced
for the pressure of the system, which is minus the effec-
tive potential and thus only includes a single propagator
in the corresponding flow equation. However, we have
seen on the example of the density that also corrections
to first derivatives of the effective potential, i.e. den-
sity nk, boson mass m
2
φ,k and condensate density ρ0,k,
can be substantial. Hence a closed set-up for improve-
ment of our truncation needs to incorporate the fermionic
and bosonic contact as a correction to the flow of these
couplings. This can be achieved in a perturbative and
iterative fashion.
Our findings suggest that a rather simple approxima-
tion to the full inverse fermion propagator
Pψ(Q) = iZψq0 +Aψq
2 − µ− δµ
+
4C(iq0 + q
2 − µ+Rk(Q))
q20 + (q
2 − µ+Rk(Q))2 + κ (49)
with k-dependent couplings Zψ, Aψ, δµ, C, and κ, and
12
infrared cutoff Rk(Q), combined with a suitable gener-
alization of the inverse boson propagator, will lead to
a substantial improvement of the quantitative precision
in the FRG treatment of strongly interacting fermionic
systems. We observe that in the superfluid regime the in-
verse fermion propagator has an additional off-diagonal
contribution ∼ hφ√ρ0. This regularizes the momentum
integrals, such that the explicit regulator ∼ κ may not
be needed. The occupation number corresponding to this
ansatz reads
nψ,~qσ = −
(
T
∑
n
Pψ(Q)
Pψ(Q)Pψ(−Q) + h2φρ0
− 1
2
)
(50)
with k-dependent density nk = 2
∫
~q
nψ,~qσ. The flowing
density, and therefore the total density n = nk=0, can
thus be inferred from the flowing couplings Zψ, Aψ, δµ,
C and κ.
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Appendix A: Contact in the perturbative regime
To exemplify our statements in Sec. III, we consider
here the perturbative BEC and BCS regimes, where the
integrals in Eqs. (19) and (23) can be performed analyt-
ically. For weak interactions, the largest physical scale
is given by kph = a
−1. To study the contact in the
whole crossover we employ the Functional Renormaliza-
tion Group in Sec. IV. One of the merits of this method
is that all expressions are automatically renormalized.
On the BEC and BCS sides of the crossover, the
fermion propagator only gets weakly dressed because ei-
ther the fermion or the boson propagator is gapped. This
leads to a suppression of the loop-integral originating
from the diagram shown in Fig. 1. Hence we can al-
ways treat the fermion self-energy perturbatively in these
regimes. We identify the large momentum shift of the
chemical potential as
−δµ = h2ϕ
∫ Λ
~p
T
∑
n
1
(i(p0 − q0) + p2 − µ)(ν + iεp0)
= h2ϕ
∫
~p
−NF (p2 − µ)−NB(ν/ε)
ε(iq0 − p2 + µ) + ν = −
h2ϕ
ν
nψ,σ
(A1)
−1 −1P
=
P
Q
P
+
P
P −Q
FIG. 9: Schwinger–Dyson equation for the inverse boson
propagator. The notation is chosen as in Fig. 1.
on the BCS side. The Bose function is denoted by
NB(z) = (e
z/T − 1)−1. In the last expression we take
the limit ε → 0+. The q0-dependence of δµ defined in
Eq. (23) is seen to vanish.
We first consider the BEC limit, where µ ' −1/a2 is
large and negative. The shift of the chemical potential
vanishes due to the suppression of the Fermi function
NF (p
2 − µ) in the integral in Eq. (A1). The inverse
boson propagator is derived from the Schwinger–Dyson
equation [58] for the bosonic self-energy
Σϕ(Q) = Pϕ(Q)− Pϕ,cl(Q)
= δνΛ − h2ϕ
∫
P
1
Pψ(Q− P )Pψ(P ) , (A2)
shown diagrammatically in Fig. 9. The counterterm is
given by
δνΛ =
h2ϕΛ
4pi2
. (A3)
In the perturbative regime we can replace the full fermion
propagators in the loop-integral by the classical ones.
The Matsubara summation and angular integration can
then be evaluated analytically. We do not need the full
expression but only note that
Pϕ,BEC(Q) = ν +
h2ϕ
8pi
√
iq0
2
+
q2
4
− µ ' Zϕ
(
iq0 +
q2
2
)
(A4)
for |q0|, q2  a−2 in the BEC regime. (We used −h2ϕ/ν =
8pia and µ = −1/a2) The boson propagator resembles
particles with classical dispersion relation ωq = q
2/2Mϕ
and mass Mϕ = 2M = 1. The wave function renormal-
ization constant is Zϕ = h
2
ϕa/32pi.
Inserting the boson propagator from Eq. (A4) into Eq.
(20) we arrive at
CBEC =
8pi
a
∫
p2<k2tr
T
∑
n
( 1
ip0 + p2/2
− 1
ip0 + k2tr
)
=
8pi
a
∫
p2<k2tr
(
NB(p
2/2)−NB(k2tr)
)
=
8pinϕ,cl
a
, (A5)
where we used kph  T 1/2 and nϕ,cl defines the number
density of boson with classical dispersion relation from
Eq. (21). Due to the equation of state nϕ,cl = n/2 on
the BEC side of the crossover we conclude
CBEC =
4pin
a
(A6)
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as expected. The perturbative expression for the contact
starting from the equation of state at zero temperature
is recapitulated in App. E.
In the BCS regime the bosons are resonant excitations
and nϕ,cl = 0. The corresponding formula for the con-
tact is most easily derived from inserting the Schwinger–
Dyson Eq. (A2) into formula (20). Therein, the boson
self-energy Σϕ ∝ h2ϕ can be treated perturbatively, since
it is small in comparison to the boson gap ν due to the
small scattering length a = −h2ϕ/8piν. We then find
CBCS = −
h2ϕ
4
T
∑
n
∫
p2<k2tr
Σϕ(P )− Σϕ(p0, k2tr)
(ν + iεp0)2
=
h4ϕ
4ν
T
∑
n
∫
p2<k2tr
∫
K
1
Pψ,cl(K)(ν + iεp0)
×
(
1
Pψ,cl(P −K) −
1
Pψ,cl(p0 − k0, (ktr − k)2)
)
= −h
4
ϕ
4ν
∫
K
∫
p2<k2tr
NF ((~p− ~k)2 − µ)
Pψ,cl(K)(ν + iεk0)
= −h
4
ϕ
4ν
nψ,σ
∫
K
1
Pψ,cl(K)(ν + iεk0)
= −h
4
ϕ
4ν
nψ,σ
∫
~k
NF (k
2 − µ)−NF (ν/ε)
ε(k2 − µ)− ν =
h4ϕ
4ν2
n2ψ,σ.
(A7)
We again applied the limit ε→ 0+. With the BCS equa-
tion of state nψ,σ = n/2 we arrive at
CBCS = 4pi
2a2n2. (A8)
This agrees with Eq. (E12).
Appendix B: Contact in the atomic phase
Deep in the atomic phase, i.e. for high temperatures
or on the BCS side of the crossover, bosons are excited
resonantly. For this purpose, an ansatz Pφ(Q) ≈ Pφ,cl(Q)
fails to capture the right behavior of the contact. This is,
however, not a failure of the Yukawa model, but rather
shows the need for keeping higher order terms in the
bosonic self-energy. We have seen in Eq. (A8) that the
BCS result CBCS = 4pi
2a2n2 can be obtained from the
full boson propagator. Our truncation for solving the
FRG equation for the fermion propagator, as it is de-
scribed in Sec. IV and App. C, cannot resolve this be-
havior, since the bosonic self-energy is only incorporated
by the wave function renormalization coefficients Aφ, Zφ
and the boson mass term m2φ. This is made explicit in
Eq. (C4).
The contact in the atomic phase can be obtained
within a purely fermionic language. Then the momen-
tum dependence of the related Schwinger–Dyson equa-
tion for the propagator is solely encoded in the two-loop
diagram shown in Fig. 10, because the tadpole diagram
−1 −1
+ +=
FIG. 10: Schwinger–Dyson equation for the inverse fermion
propagator in a purely fermionic theory. Again, a single or
double line denotes a classical or full propagator. The empty
(filled) dot corresponds to a classical (full) four-fermion ver-
tex. We can combine the last two terms such that the correc-
tion is only given by the tadpole diagram but with a momen-
tum dependent effective vertex.
contains the classical vertex, which is momentum inde-
pendent. Equivalently, we can express the correction in
terms of a tadpole diagram with full four-fermion vertex.
A (2PI-)resummed form of the latter is given by
λψ(P ) =
λψ
1− λψ
(
Π(P )−ΠΛ(P )
) (B1)
with Π(Q) being defined in Eq. (A7) and ΠΛ(P ) cho-
sen as a suitable subtraction at large momentum. Ne-
glecting renormalization issues, we find for large external
momenta p2 to second order in λψ that
Σψ(P ) = −
∫
Q
λψ(Q)
Pψ(Q− P )
' 1
Pψ,cl(−P )
∫
Q
λ2ψ
(
Π(Q)−ΠΛ(Q)
)
(B2)
Employing λψ = −8pia we recover the integral in Eq.
(A7) and thus CBCS = 4pi
2a2n2. The FRG allows to go
beyond the bubble resummation in Eq. (B2), see e.g.
Ref. [59].
Appendix C: Truncation of the effective average
action
In order to solve the flow equation (31), we have to em-
ploy a truncation of the effective average action Γk[φ¯, ψ]
which is on the one hand tractable from a computational
point of view, but also contains the relevant physics of
the underlying system. For this purpose we make the
ansatz
Γk[φ¯, ψ] =
∫
X
( ∑
σ=1,2
ψ∗σ(∂τ −∇2 − µ)ψσ
+ φ¯∗
(
Zk∂τ −Ak∇
2
2
)
φ¯+ U¯k(ρ¯)
− h¯φ(φ¯∗ψ1ψ2 − φ¯ψ∗1ψ∗2)
)
. (C1)
For a detailed discussion of this nonperturbative deriva-
tive expansion scheme see [39–41]. The Yukawa model
applied to many-fermion systems has also been studied
in Ref. [38]. The effective average potential U¯k(ρ¯, µ)
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with ρ¯ = φ¯∗φ¯ is expanded in a power series around the
physical values ρ0,k and µ according to
U¯k(ρ¯, µˆ)
= m¯2φ,k,µˆ(ρ¯− ρ¯0,k) +
λ¯φ,k,µˆ
2
(ρ¯− ρ¯0,k)2 + . . .
=
(
m¯2φ,k(ρ¯− ρ¯0,k) + α¯k(µˆ− µ)(ρ¯− ρ¯0,k) + . . .
)
+
( λ¯φ,k
2
(ρ¯− ρ¯0,k)2 + . . .
)
+ . . . (C2)
We neglect higher terms in this series and only keep track
of the running of m¯2φ,k, λ¯φ,k and α¯k. Going beyond this
basic set of parameters yields higher quantitative preci-
sion. Note that we neglect a possible scale dependence
of the Yukawa coupling h¯φ. The initial conditions for the
running couplings are set by ΓΛ = S to be
ZΛ = AΛ = 1, m¯
2
φ,Λ = νΛ − 2µ,
λ¯φ,Λ = 0, α¯Λ = −2, ρ¯0,Λ = 0. (C3)
The vacuum flow of m2φ,k allows for extracting the scat-
tering length a which is related to the detuning from res-
onance ν(B). Note that we define the detuning slightly
different here than in Eq. (11) since it does not contain
the chemical potential.
The ansatz in Eq. (C1) takes into account the impor-
tant low momentum modes of the boson propagator. To
see this more clearly we expand the bosonic self-energy
in the exact relation for the boson propagator
P¯φ(Q) = P¯φ,Λ(Q) + Σ¯φ(q0, q
2)
= P¯φ,Λ(Q) + Σ¯(0, 0) + iq0
∂Σ¯φ
∂iq0
(0, 0) + q2
∂Σ¯φ
∂q2
(0, 0) + . . .
= iZq0 +
1
2
Aq2 + m¯2φ + . . . (C4)
with the corresponding identification of Z, A, and m¯2φ.
We choose ZΛ and AΛ to be nonzero at the beginning of
the flow. In fact, they are attracted immediately towards
a fixed point with Zk = Ak = 1 in the early stages of the
renormalization group low [41]. Thus, choosing Z 6= 0
immediately provides for the correct ultraviolet regular-
ization of Eq. (12). Of course, we can also choose ZΛ = ε
with sufficiently small ε > 0.
The fermions are treated perturbatively but in a mo-
mentum resolved fashion. Perturbatively here means that
we neglect the feedback of the self-energy on the other
running couplings. Of course, they can be implemented
iteratively, thus enhancing the quantitative precision of
the results. We have an additional flow equation for the
fermion self-energy shown in Fig. 11. In the second line
of the figure we replaced the full fermion propagator by
the microscopic one, in accordance with our perturbative
treatment. Note that all quantities on the right hand side
of the flow equation in Fig. 11 are known to us and the
fermionic self-energy can be readily integrated.
∂t
−1
+
+
=
'
FIG. 11: Flow equation for the fermion self-energy. The no-
tation is chosen as in Fig. 1. The crossed circle indicates an
insertion of R˙k in the loop integral.
From Eq. (C1) we can read off the inverse propaga-
tors for the bosons and fermions at scale k, which are,
respectively, given by
P¯φ,k(Q) = iZkq0 +Akq
2/2 + m¯2φ,k, (C5)
Pψ,Λ(Q) = iq0 + q
2 − µ (C6)
in the symmetric phase. We employ regulator functions
Rφ,k(Q) = Ak(k
2 − q2/2)θ(k2 − q2/2), (C7)
Rψ,k(Q) = (k
2sgn
(q2 − µ
k2
)
− (q2 − µ))θ(k2 − |q2 − µ|),
(C8)
which are optimized for a derivative expansion. Note that
the functions Rk(Q) do not depend on the frequency q0,
which facilitates a semi-analytical treatment of several
of the loop-expressions encountered in the following. In
addition, we introduce the abbreviations
pφ,k(~q) =
1
A
p¯φ,k(~q) = q
2/2 +m2φ,k +Rφ,k(q
2), (C9)
pψ,k(~q) = q
2 − µ+Rψ,k(q2). (C10)
We normalize the running couplings by Ak and define
Sk = Zk/Ak, m
2
φ,k = m¯
2
φ,k/Ak, λφ,k = λ¯φ,k/A
2
k, ρ0,k =
ρ¯0,kAk, and h
2
k = h¯
2
φ/Ak. Note that this introduces a
k-dependence of the Yukawa coupling h2k. Moreover, we
define the anomalous dimension ηk = −∂t lnAk, which
substitutes the flow of Ak.
Appendix D: Flow equation for the fermion
self-energy and the contact
The effective average action is parametrized in terms
of the mean fields φ¯X and ψX , whereas the Schwinger
functional is parametrized in terms of source fields. Both
descriptions are equivalent and any mean field configura-
tion, in particular with nonvanishing fermion expectation
value, can be enforced by choosing an appropriate exter-
nal source. Taking functional derivatives of Γk[φ¯, ψ] with
respect to the fields φ¯X and ψX serves for generating all
one-particle irreducible correlation functions of the the-
ory. In the same way, the flow equation (31) serves for
generating the flow of all correlation functions.
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We consider the inverse fermion propagator for a con-
stant (and real) bosonic background field ρ¯ = φ¯∗φ¯ and
vanishing expectation value of the fermion mean field,
G−1ψ,k(X,Y, ρ¯) =
→
δ
δψA(X)
Γk
←
δ
δψB(Y )
[ρ¯, 0], (D1)
where ψA and ψB is any of the four indices
(ψ1, ψ2, ψ
∗
1 , ψ
∗
2), such that we arrive at a 4 × 4–matrix.
In a homogeneous situation, via Fourier transformation∫
X,Y
eiPXeiP
′YG−1ψ,k(X,Y, ρ¯) = δ(P + P
′)G−1ψ,k(P, ρ¯)
(D2)
we obtain the full inverse propagator G−1ψ,k(P, ρ¯) in the
presence of a background field ρ¯.
The microscopic (or classical) inverse fermion propa-
gator in the presence of a background field is given by
G−1ψ,Λ(P, ρ¯) =
( −h¯φφ¯ε −Pψ,Λ(−P )
Pψ,Λ(P ) h¯φφ¯ε
)
. (D3)
Herein, the fully antisymmetric tensor with two indices is
denoted by ε. The physical self-energy is defined as the
difference between the full (i.e., k = 0) inverse propagator
and the classical one:
Σ(P ) = G−1ψ,k=0(P )−G−1ψ,Λ(P ). (D4)
Since for k = 0 the bosonic field can have a nonvanishing
expectation value ρ0,k=0, we make this definition more
explicit by writing
Σ(P ) = G−1ψ,k=0(P, ρ0,k=0)−G−1ψ,Λ(P, ρ0,k=0). (D5)
The most general form of the self-energy in the spin bal-
anced case of equal chemical potentials for the hyperfine
components can be parametrized by two complex-valued
functions via
Σ(P ) =
(
Σψ,an(P )ε −Σψ(−P )
Σψ(P ) −(Σψ,an(P ))∗ε
)
. (D6)
Eq. (D5) is readily extended to a scale-dependent
fermion self-energy by defining
Σk(P ) = G
−1
ψ,k(P, ρ0,k)−G−1ψ,Λ(P, ρ0,k). (D7)
Evaluating the self-energy for each k on the expectation
value ρ0,k of the bosonic field properly takes into account
the fluctuations on different scales. As a result, the flow
equation of the (ψ∗1 , ψ1)–component of Σk (i.e. the nor-
mal contribution) is given by
∂tΣψ,k(P ) = (ηAρ0,k + ∂tρ0,k)
∂Σk,ψ
∂ρ
(P, ρ0,k)
+
(
∂t|ρ¯Σψ,k
)
(P, ρ0,k) (D8)
with RG-time t = ln(k/Λ) and normalized field ρ = ρ¯Ak.
The derivative is performed for fixed ρ¯. On the right
hand side, the self-energy appears as a function of the
background field, whereas the left hand side only depends
on k and P .
Within our truncation we have
(
∂t|ρ¯Σψ,k
)
(P, ρ0) = h
2
φ
∫
Q
R˙φ(~q
2)
A
(
S2q20,B − 2(iSq0,B + λρ0)(λρ0 + pφ(~q))− p2φ(~q)
)(
i(p0 + q0,B) + pψ(~q + ~p)
)
det2B(Q)detF (Q+ P )
− h2φ
∫
Q
R˙ψ(~q
2)
(
iS(p0 + q0,F )− λρ0 − pφ(~q + ~p)
)(
q20,F + 2iq0,F pψ(~q) + h
2ρ0 − p2ψ(~q)
)
detB(Q+ P )det
2
F (Q)
(D9)
with q0,B = 2pinT and q0,F = 2pi(n + 1/2)T being
bosonic or fermionic Matsubara frequencies, respectively,
and p0 = 2pi(m+ 1/2)T . We introduced
detB(Q) = S
2q20,B + pφ(~q)(pφ(~q) + 2λρ0), (D10)
detF (Q) = q
2
0,F + p
2
ψ(~q) + h
2
φρ0 (D11)
and adopted the notation of Eqs. (C9) and (C10) for pφ,k
and pψ,k. The Matsubara summations can be performed
analytically and we arrive at an explicit expression for
the third term in the flow equation (D8).
The flow equation for Σψ,k(P ) is valid for arbitrary
values of P . For large P , the equation simplifies consider-
ably and, eventually, allows to derive the renormalization
group flow of the contact Ck. We restrict the following
discussion to the first integral in Eq. (D9), which is re-
sponsible for the high momentum behavior. We have
i(p0 + q0) + pψ(Q+ P )
detF (Q+ P )
' 1−ip0 + p2 − µ (D12)
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for large p2 and find(
∂t|ρ¯Σψ,k
)
(P, ρ¯) ' (∂t|ρ¯c¯k)(ρ¯)
Pψ,Λ(−P ) (D13)
with
(∂t|ρ¯c¯k)(ρ¯) = h2φ
∫
Q
R˙φ(~q
2)
A
× S
2q20,B − 2(iSq0,B + λρ0)(λρ0 + pφ(~q))− p2φ(~q)
det2B(Q)
= h2φ
∫
~q
R˙φ
A
T
∑
n
( 1
detB(Q)
− 2S
2ω2φ,k + 2λ
2ρ20
det2B(Q)
)
.
(D14)
For the definition of ωφ,k see Eq. (42).
We define the flowing contact according to
Ck =
1
4
ck(ρ0,k), (D15)
where ck(ρ) := c¯k(ρ¯) is expressed in terms of the normal-
ized field ρ = ρ¯Ak. Since
c(k, ρ) = c¯(k, ρ¯(ρ, k)) (D16)
we have
∂c
∂k
=
∂c¯
∂k
+
∂c¯
∂ρ¯
·
(
∂ρ¯
∂k
)
ρ
=
∂c¯
∂k
+
1
k
ηAρ¯
∂c¯
∂ρ¯
, (D17)
∂c
∂ρ
=
1
Ak
∂c¯
∂ρ¯
. (D18)
From these two relations we deduce the flow equation
for ck(ρ) in the presence of the k–dependent background
field ρ = Akρ¯ to be given by
(∂t|ρck)(ρ¯) = (∂t|ρ¯c¯k)(ρ¯ = ρ¯(ρ)) + ηAρ∂ck
∂ρ
(ρ). (D19)
Thus we arrive at
∂tCk =
1
4
(
(∂t|ρ¯c¯k)(ρ0,k) + (ηAρ+ ∂tρ0,k)∂ck
∂ρ
(ρ0,k)
)
.
(D20)
We show that ∂c/∂ρ = h2φ + O(Σψ). For this pur-
pose we consider the limit of classical fermion propaga-
tors Pψ(Q) = Pψ,Λ(Q) = iq0 +q
2−µ. For the momentum
distribution per species we have
nψ,~qσ = −
(
T
∑
n
Pψ,Λ(−Q)
Pψ,Λ(Q)Pψ,Λ(−Q) + h2ρ −
1
Pψ,Λ(Q)
)
= T
∑
n
h2φρ
Pψ,Λ(Q)
[
Pψ,Λ(Q)Pψ,Λ(−Q) + h2φρ
]
' h
2
φρ
2
√
q4 + h2φρ
(√
q4 + h2φρ+ q
2
) ' h2φρ
4q4
(D21)
for large q, see Eqs. (24) and (50). Whereas the Fermi–
Dirac distribution decays exponentially for large q, a q4-
tail arises from the presence of a bosonic background field
with contact parameter C = h2φρ/4. This completes the
proof of
∂c
∂ρ
(ρ0,k) = h
2
φ +O(Σψ). (D22)
The flow equation for the contact becomes
∂tCk =
h2φ
4
(ηAρ0,k + ∂tρ0,k)
+
h2φ
4
∫
~q
R˙φ
A
T
∑
n
( 1
detB(Q)
− 2S
2ω2φ,k + 2λ
2ρ20
det2B(Q)
)
.
(D23)
The result of the Matsubara summation and the ~q–
integration is given in Eq. (41).
To clarify the relation between ∂tCk and ∂tnφ,k, we
consider the scale-dependent density nk defined by
nk = −∂Uk
∂µ
(ρ0,k). (D24)
For k = 0 we arrive at the physical density
n =
∂P (µ, T )
∂µ
= −∂U(µ, T, ρ0)
∂µ
(D25)
with pressure P (µ, T ). The corresponding flow equation
is given by
∂tnk = −αk(ηAρ0,k + ∂tρ0,k)−
(
∂µ∂t|ρ¯Uk
)
(ρ0,k).
(D26)
with
αk =
∂2U
∂µ∂ρ
(ρ0,k). (D27)
The flow of the effective potential receives contributions
from bosonic and fermionic fluctuations. Defining
∂tn
(U)
φ,k = −
(
∂µ∂t|ρ¯U (B)k
)
(ρ0,k), (D28)
∂tn
(U)
ψ,k = −
(
∂µ∂t|ρ¯U (F )k
)
(ρ0,k) (D29)
as the bosonic or fermionic contribution, respectively, we
can employ(
∂t|ρ¯U (B)k
)
(ρ)
=
∫
Q
R˙φ
A
k2 + U ′k(ρ) + ρU
′′
k (ρ)
[k2 + U ′(ρ) + 2ρU ′′k (ρ)][k2 + U ′(ρ)] + S2q
2
0
(D30)
to find
∂tn
(U)
φ,k = −αk
∫
Q
R˙φ
A
( 1
detB(Q)
− 2S
2ω2φ,k + 2λ
2ρ20
det2B(Q)
)
.
(D31)
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This is precisely the third term in the flow equation (D14)
for Ck. We can summarize these findings in the generally
valid relation
∂tCk = −
h2φ
4αk
(
−αk(ηAρ0,k + ∂tρ0,k) + ∂tn(U)φ,k
)
= − h
2
φ
4αk
(
∂tnk − ∂tn(U)ψ,k
)
, (D32)
where n
(U)
φ/ψ,k are contributions which arise from effects
of bosonic/fermionic fluctuations on the effective po-
tential and hence the density. In contrast, the term
−αk(ηAρ0,k+∂tρ0,k) accounts for the nontrivial scaling of
the renormalized propagator and the contribution from
condensed bosons.
In the BEC limit, Eq. (D32) simplifies considerably.
Indeed, following the flow of Ck from k = Λ to k = 0
we see that in the early stages of the flow, where k is
much larger than the many body-scales set by µ and T ,
the flow of Ck is zero, because ρ0,k = 0 and there are no
bosonic fluctuations on high energy scales. Hence
∂kCk = 0 for k  µ1/2, T 1/2. (D33)
However, the flow of the prefactor h2φ/αk = h¯
2
φ/α¯k is gov-
erned by the scale set by the scattering length a−1. On
the far BEC side, this quantity is large and these renor-
malization effects set in far above the many-body scales.
At such high scales the vacuum relation α¯k = −2Zφ,k,
with wave function renormalization Zφ,k of the bosons,
is valid. The relation stems from the appearance of the
combination Zφ,k(∂τ−2µ) in the propagator due to semi-
local U(1)–invariance and the symmetry preserving na-
ture of the flow equation. One can show that the vacuum
flow of Zφ,k is solved by Zφ,k=0 = h¯
2
φa/32pi on the BEC
side [39], i.e.
− h¯
2
φ
4α¯k
→ 4pi
a
for k  µ1/2, T 1/2. (D34)
This prefactor effectively enters the renormalization
group equation of Ck which takes place on the many-
body scales and thus we can write
∂kCk =
4pi
a
∂knφ,k. (D35)
Due to the fact that there are no fermion fluctuations
contributing to the density on the BEC side, we have
nφ,k = nk and thus arrive at the well-known relation
CBEC = 4pin/a. The mean-field result CBEC = 4pin/a
receives corrections from bosonic fluctuations, which are
incorporated in the renormalization group flow.
Appendix E: Perturbative contact from the equation
of state
We consider the perturbative BEC regime of the
crossover, i.e. the region
(kFa)
−1  1. (E1)
Moreover, we restrict the considerations to the case of
zero temperature. We closely follow Tan’s presentation
in Ref. [8]. The energy density of the system (in the
canonical variables) is given by the Lee–Huang–Yang ex-
pression
E
V
= ndεB +
gd
2
n2d
(
1 +
128
15
√
pi
√
nda3d
)
, (E2)
where nd is the number of dimer atoms, which is related
to the density according to nd = n/2 on the far BEC
side, and εB is the binding energy of a dimer. From Eq.
(E1) we find the gas parameter nda
3
d to be small. The
coupling constant for the dimers is given by
gd =
4piad
Md
= 4piκa, (E3)
where we used that Md = 2M = 1 and ad = κa. The di-
mensionless constant κ relates the scattering length of
dimers to the fermionic scattering length. The exact
value of κ is known to be 0.6 [60]. However, within our
truncation we have κ = 0.72 from a solution of the vac-
uum problem [41]. We employ the latter value for con-
sistency and emphasize that κ is not a free parameter in
our model. The energy density in terms of n and a is
found to be
E
V
= n
εB
2
+
piκan2
2
(
1 +
128
15
√
2pi
√
nκ3a3
)
. (E4)
We compute the chemical potential according to µ(n) =
d(E/V )/dn and subtract half the binding energy to ob-
tain the (positive) many-body chemical potential
µmb(n) = µ− εB
2
= piκan
(
1 +
32
3
√
2pi
√
nκ3a3
)
. (E5)
Inverting this relation to the same order of approximation
we find
n(µmb) =
µmb
piκa
(
1− 32κ
3pi
√
2
√
µmba
)
. (E6)
This is the equation of state in the grand canonical vari-
ables at T = 0 to leading order in the gas parameter√
µmba.
By virtue of the adiabatic sweep theorem (2) we can
derive an expression for the contact in the BEC regime.
For this purpose we employ εB = −1/Ma2 = −2/a2.
From Eq. (E4) we then find
CBEC =
4pin
a
+ κpi2a2n2
(
1 +
64
3
√
2pi
√
nκ3a3
)
(E7)
at zero temperature. By dividing by k4F we obtain
CBEC
k4F
=
4
3pi
(kFa)
−1
+
κ
9pi2
(kFa)
2
(
1 +
64κ3/2
3pi
√
6pi
(kFa)
3/2
)
. (E8)
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Inserting the equation of state (E6) we arrive at
CBEC
µ2mb
=
4
κ
(
√
µmba)
−2
(
1− 32κ
3pi
√
2
√
µmba
)
. (E9)
We now consider the asymptotic behavior on the BCS
side. The equation of state at zero temperature is given
by
E
V
=
3
5
k2Fn
(
1 +
10
9pi
kFa
)
. (E10)
We deduce for the chemical potential that
µ(kF) =
d
dn
E
V
= k2F
(
1 +
4
3pi
kFa
)
, (E11)
The contact is found from
C = 2pi
d(E/V )
d(−1/a) = 4pi
2n2a2. (E12)
Thus we have
CBCS
k4F
=
4
9pi2
(kFa)
2. (E13)
Inserting the equation of state kF(µ) =
√
µ we then arrive
at
CBCS
µ2
=
4
9pi2
(
√
µa)2. (E14)
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